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Numerical Methods for Delay Models in
Biomathematics

1.1 Introduction

Models involving retarded ordinary and partial differential equations with both dis-
crete and distributed delays are quite frequent in mathematical biology. Introducing
delays in the models have revealed to be a powerful tool for investigating qualitative
behaviour of control systems and, in general, for simulating the evolution phenom-
ena in many branches of medicine and biology. Introduction of delays allowed to
improve models by taking into account important aspects previously neglected and
to face more complicated phenomena based on feedback control. So, for instance,
in a more realistic model for the spread of infections in large scale epidemics, a de-
lay term may take into account the incubation period in the transmission of diseases
via contacts among individuals. It was shown that arising of periodic hematological
diseases can be caused by anormalities in the feedback mechanisme which regulate
blood-cell numbers and, under appropriate conditions, this feedback mechanism can
produce aperiodic irregular (chaotic) fluctuations. Recently, in the interaction anal-
ysis between cardiovascular and respiratory function, clever models have been con-
sidered that take into account the time necessary for tissue venous blood to reach the
lungs and viceversa. In biomathematical literature there are plenty examples where
the presence of delays makes the mathematical models much more reliable and con-
sistent with the real phenomena and the laboratory observations. Actually the dy-
namics of equations including retarded arguments is much richer and this makes the
models more realistic for simulation. At the same time, the equations with retarded
arguments become more and more complicated to be analyzed and the existence
and uniqueness of the solution as well as important features such as oscillation and
asymptotic behaviour are still open problems in many cases. Finding accurate numer-
ical solutions and sharp location of characteristic roots for establishing stability was
also getting more and more difficult and, in some cases, still represent a real chal-
lenge for the numerical analysts. A careless and naif adaptation of standard numerical
methods designed for ordinary and partial differential equations in the integration of
equations with delays, behind revealing often useless, might lead and actually led,
as claimed and proved in Banks and Mahaffy [2], to conjectures that turned out to
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be erroneous and misleading for the understanding of the studied phenomenon. Al-
gorithms for implementing delay models must be specifically designed according to
the nature of the equations and the quality of the solution.

Here we confine to the case of ordinary derivatives, where the most general form
of such models is given by the retarded functional differential equation (in short
RFDE)

y′(t) = f (t,yt ), t ≥ t0,

where the state yt(s) = y(t + s), s ∈ [−r,0], is a function belonging to the Banach
space C = C0([−r,0],Rd) of continuous functions mapping the interval [−r,0] into
Rd , and f : Ω −→ Rd is a given function of the set Ω ⊂ R×C into Rd . Contrary to
the ordinary case, the Cauchy problem takes the form{

y′(t) = f (t,yt ), t ≥ t0,
yt0(s) = y(t0 + s) = ϕ(s), s ∈ [−r,0] (1.1)

where ϕ represents, in the Banach space C, the initial point or the initial state. Equa-
tion 1.1, also called the Volterra functional differential equation, includes both dis-
tributed delay differential equations, where f operates on y computed on a contin-
uum set of past values, and discrete delay differential equations, where only a finite
number of past values of the variable y are involved.

Models with discrete delays are characterized by the presence of the function y
computed at some deviated arguments y(t − τ), where the delay τ , which is always
non negative, may be constant (τ = const), time dependent (τ = τ(t)), and state
dependent (τ = τ(t,y(t)) or even τ = τ(t,yt)).

A real-life example of retarded functional differential equations with both dis-
crete and distributed delays is given by the model of Banks and Mahaffy [2] for the
regulation of protein synthesis:
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xi is the amount of mRNA (messenger Ribo-Nucleic Acid) by the transcription of
gene i, yi the amount of protein by the translation of x i and zi is the repressor produced
by the protein yi which shut down transcription in the gene i+1, etc.

The presence of an initial function ϕ , instead of an initial value y 0 in the Cauchy
problem (1.1), entails some and often unexpected consequences in the solution y(t)
for t > t0. In general, there is no longer injectivity between the set of initial data
ϕ and the set of solutions y(t). Moreover, the prolongation of the initial function ϕ
over the initial point t0 is not smooth whenever ϕ ′(0)− �= y′(t0)+ = f

(
t0,yt0

)
and this

lack of regularity, at t0, propagates forward even if the ingredients f ,τ and ϕ of the
problem belong to C∞.

For example, it is not difficult to see that, in general, the solution of the Cauchy
problem {

y′(t) = f (t,y(t − τ(t))), t ≥ t0,
y(t) = φ(t) := ϕ(t − t0), t ≤ t0

(1.2)

does not possess the second derivative at any point ξ1,i such that

ξ1,i − τ(ξ1,i) = t0,

it does not possess the third derivative at any point ξ2, j such that

ξ2, j − τ(ξ2, j) = ξ1,i

for some i, and so on for higher order derivatives. This results in a sequence of points,
called breaking points or primary discontinuities, where the solution possesses only
a limited number of derivatives, the order of the breaking point, and remains piece-
wise regular between two consecutive of them. Locating the breaking points and
including them into the mesh is a crucial issue in the numerical integration of RFDE
in what any step-by-step method attains its own accuracy order provided that the
sought solution is sufficiently smooth in the current integration interval. In principle,
the breaking points can be computed by recursively solving the algebraic equations
above, which are trivial for constant delays and may be solved ”a priori” for time
dependent delays. On the contrary, in the state dependent delay case where the alge-
braic equation is

ξ2, j − τ(ξ2, j,y(ξ2, j)) = ξ1,i,

they depend on the solution and can not be computed in advance. In particular, their
accurate computation depends on the accuracy of the approximation of y, which in
turns depends on the accuracy in the computation of the breaking point itself. This
makes accurate integration of RFDEs with state dependend delay a real challenge.

Other discontinuities, called secondary discontinuities, may propagate along the
solution caused by discontinuities in the functions f ,τ or φ . In particular, discontinu-
ities in the initial function φ may be much more dreadful and cause the termination of
the solution, that may reappear some time later and disappear again giving rise to la-
cunary solutions. It is not difficult to guess that introduction of delays will also upset
the well-posedness of the problem and the others stability and asymptotic stability
properties of the solution as well.
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The general theory of RFDEs has been widely developed in the last four-five
decades and results in a number of, now classic, books by Bellman and Cooke, Hale,
Driver, El’sgol’ts and Norkin, Kolmanovskii and Myshkis, up to the more recent
monographies by Diekmann, van Gils, Verduyn-Lunel and Walter [14] and Kuang
[30], which also include many real-life examples of RFDEs and more general re-
tarded functional differential equations.

From the numerical point of view, the presence of delays entails various ad-
ditional difficulties which have been tackled by various different approaches. The
choice of the approach specifically depends on the particular kind of delay one must
handle and the particular aim is pursued in terms of accuracy, stability etc. These
methods range from the classical method of steps, where the RFDE is seen as a se-
quence of ordinary differential equations, to the use of collocation and more general
continuous Runge-Kutta methods leading to piecewise polynomial approximations,
or to the transformation of the delay equation into a partial differential equations
with appropriate initial/boundary conditions to be integrated by direct or transversed
methods of lines. All these methods, along with some preliminaries and historical
remarks on the numerics of delay differential equations, are described and developed
in the recent book by Bellen and Zennaro [7] with particular emphasis to the class of
continuous Runge-Kutta methods and their numerical stability.

Although models based on partial differential equations with delays for inves-
tigating complex biological phenomena started to be considered more than twenty
years ago, they have received very little attention by numerical analysts and, to our
knowledge, no public domain code is available for their integration yet. Developing
algorithms for the numerical integration of partial differential equations with delays
appears a very promising common ground of research for numerical ODE and PDE
communities and reveals an attractive and challenging area of investigation that, in
our opinion, will play a central role for the research in biomathematics during the
next decade. For an overview of retarded partial differential equations, see Wu [38].

1.2 Solving RFDE by Continuous Runge-Kutta methods

Here we will present two different approaches for solving RFDEs (1.1) in the equiv-
alent form {

y′(t) = f
(
t,y(t),yt

)
, t ≥ t0,

yt0 = y(t0 + s) = ϕ(s), s ∈ [−r,0] (1.3)

where we have outlined the possible dependence of f on the state function y t and on
the current value y(t) as well. The methods are both based on the use of Continuous
Runge-Kutta methods (CRK) as applied, step by step, to the local problems⎧⎨⎩

w′(t) = f
(
t,w(t),wt

)
, tn ≤ t ≤ tn+1,

w(t) = η(t), t0 ≤ t ≤ tn
w(t) = φ(t), t ≤ t0

(1.4)

where η is the continuous approximate solution provided by the CRK method it-
self. The straightforward application of the CRK methods (A,b(θ ),c) to the local



1.2 Solving RFDE by Continuous Runge-Kutta methods IX

equation (1.4) takes the form

η(tn + θhn+1) = yn +hn+1 ∑ν
i=1 bi(θ ) f

(
ti
n+1,Y

i,Y i
tin+1

)
, 0 ≤ θ ≤ 1,

Y i = yn +hn+1 ∑ν
j=1 ai j f

(
t j
n+1,Y

j,Y j

t j
n+1

)
, i = 1, . . . ,ν,

(1.5)

where t i
n+1 = tn + cihn+1 and the state functions Y i

tin+1
are suitable approximations of

wtin+1
. For sake of conciseness we omit the dependence of Y i on n.

It is evident that, as long as all the state functions Y i
tin+1

(s) = Y i(ti
n+1 + s),

s ∈ [−r,0], have to be computed, according to the action of the functional f , only
at arguments s such that t i

n+1 + s ≤ tn, we must set Y i(ti
n+1 + s) = η(ti

n+1 + s) and the
equation (1.4) is essentially an ODE. On the contrary, when for some i and for some
s, ti

n+1 + s > tn, the unknown part of the state function Y i
tin+1

(s) has to be provided

by suitable extensions of the CRK method itself. In this case, referred to as over-
lapping, the structure of the Runge-Kutta equations will change and the problem is
intrinsically different from an ODE.

A central issue in the convergence analysis of the step-by-step method for RFDEs
is how its discrete and uniform global errors depend on the local discrete error and the
local uniform error of the method (1.5)(see Bellen and Zennaro [7] for definitions).
The convergence of the CRK methods for RFDEs is governed by the following The-
orem proved in [7].

Theorem 1.1. Given the mesh Mh, of maximum stepsize h, assume that all the break-
ing points of order p+1 are included in Mh, so as the solution y(t) is piecewise of
class Cp+1(t0,t f ). If the method (1.5) has discrete order p (i.e. discrete local error of
order p + 1) and uniform order q (i.e. uniform local error of order q + 1), then the
resulting method for RFDEs has discrete and uniform global order min{p,q+1},
i.e.

max
ti∈Mh

‖y(ti)−η(ti)‖ = O(hmin{p,q+1}).

max
t0≤t≤t f

‖y(t)−η(t)‖ = O(hmin{p,q+1}).

In other words, the local uniform error does not propagate and, in particular, the
local uniform order q = p− 1 is sufficient for preserving the global order p of the
overall method.

1.2.1 Continuous Runge-Kutta (standard approach) and Functional
Continuous Runge-Kutta Methods.

Despite the first method we are going to describe can be applied to the general prob-
lem (1.3), let us be more specific and consider, as a special case, the following RFDE
with discrete state dependent delay
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y′(t) = f

(
t,y(t),y

(
α(t,y(t))

))
, t0 ≤ t ≤ t f ,

y(t) = φ(t), t ≤ t0,

where, for the sake of simplicity, we have set the deviated argument t − τ(t,y(t)) in
the form α(t,y(t)). One possible option in the implementation of (1.5), referred to
as standard approach, is characterized by the choice Y i(ti

n+1 + s) = η(ti
n+1 + s) for

all i, which corresponds to setting, in (1.4),

wt = ηt ,∀t ∈ [tn, tn+1]

The local problem is then⎧⎪⎨⎪⎩
w′(t) = f

(
t,w(t),η

(
α(t,w(t))

))
, tn ≤ t ≤ tn+1,

w(t) = η(t), t0 ≤ t ≤ tn
w(t) = φ(t), t ≤ t0

and the CRK methods is

η(tn + θhn+1) = yn +hn+1 ∑ν
i=1 bi(θ ) f (ti

n+1,Y
i,Ỹ i), 0 ≤ θ ≤ 1,

Y i = yn +hn+1 ∑ν
j=1 ai j f (t j

n+1,Y
j,Ỹ j), i = 1, . . . ,ν.

Ỹ i = η
(
α(ti

n+1,Y
i)
)
.

If overlapping occurs, that is if, for some index i,

tn ≤ α(ti
n+1,Y

i) ≤ tn + cihn+1,

then
α(ti

n+1,Y
i) = tn + θ i

n+1hn+1,

with

(0 ≤) θ i
n+1 =

α(ti
n+1,Y

i)− tn
hn+1

(≤ ci),

and the spurious stage values Ỹ i are still given by the continuous extension

Ỹ i = η(tn + θ i
n+1hn+1) = yn +hn+1

ν

∑
j=1

b j(θ i
n+1) f (t j

n+1,Y
j,Ỹ j).

Since the deviated function y(α(t,y(t)) is approximated by the continuous extension
η(α(t,y(t)) in both current and past integration intervals, the standard approach is
usually referred to as the Continuous Runge-Kutta method, simply.

It is worth remaking that if overlapping occurs, the current Runge-Kutta equation
turns out to be implicit even if the underlying method is explicit. However, in spite of
the appearance of possible spurious stages Ỹ i, the dimension of the algebraic Runge-
Kutta system preserves the dimension s by using the alternative K−notation
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η(tn + θhn+1) = yn +hn+1 ∑ν
i=1 bi(θ )Ki, 0 ≤ θ ≤ 1,

Ki = f (ti
n+1,yn +hn+1 ∑ν

j=1 ai jK j,yn +hn+1 ∑ν
j=1 b j(θ i

n+1)K
j), i = 1, . . . ,ν,

where

θ i
n+1 =

α(ti
n+1,yn +hn+1 ∑ν

j=1 ai jK j)− tn
hn+1

.

Remark that overlapping takes place when the stepsize is larger than the delay as
well as, independently of the stepsize, when we are integrating in a neighbourhood
of points where the delay vanishes. Therefore the standard approach is suitable for
stiff problems where an implicit CRK method is used. However, in presence of over-
lapping, the structure of the Jacobian of the Newton solver changes and this could
lead to additional difficulties in the variable step size implementation of the overall
method. The standard approach outlined above will be described in details in Section
1.3 as applied to a specific biological model leading to a system of stiff RFDEs with
discrete vanishing state dependent delays that sums up, in its numerical integration,
some of the theoretical and practical difficulties described above.

As counterpart to the standard approach let us consider a second method designed
for the general equation (1.3), including RFDEs with distributed delays, where the
local problem (1.4) is still approximated by the CRK method (1.5) but, for each i,
the unknown part of the state function Y i

tin+1
is now given by

Y i(tn + θhn+1) = yn +hn+1

ν

∑
j=1

ai j(θ ) f (t j
n+1,Y

j,Y j

t j
n+1

), 0 ≤ θ ≤ ci. (1.6)

This approach, called Functional Continuous Runge-Kutta (FCRK) method, beside
being still based on CRK methods, is quite different from the standard approach.
In particular, as the RK method makes use of ν stage-values Y i, i = 1, ...ν , as ap-
proximations of w(t i

n+1), ν different state stage-functions Y i
tin+1

are defined which

approximate the state functions wtin+1
.

Remark 1.2. Contrary to the standard approach, the resulting method preserves the
implicit/explicit character of the undelying CRK method also in case of overlap-
ping. This makes the FCRK method competitive for non stiff equation with small or
vanishing delays, leading to possible overlapping, as well as for functional integral
equations such as

y′(t) = F
(

t,y(t),
∫ t

t−τ
k(t,s,y(s))ds

)
,

where overlapping takes place at every step.

The method, described in Section 1.4 in its general form, was presented by Cryer and
Tavernini [13], [35] as a particular predictor-corrector version of polynomial collo-
cation. The method was recently reconsidered by Maset,Torelli and Vermiglio [32]
who developed it in the general form (1.4) and derived the necessary and sufficient
order conditions up to order four, along with some order barrier with respect to the
number of stages.
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1.3 A threshold model for antibody production: the Waltman
model

We consider a mathematical model describing the mechanism by which an antibody
is formed in response to an antigen challenge. This is one of the better understood
parts of the human immune system and has been widely treated in the scientific liter-
ature. The earliest models were chemical kinetics or predator prey models (see Bell
[3, 4, 5]); afterwards Hoffmann [25] and Richter [34] proposed network-based mod-
els including inhibiting and stimulating kind of signals. We consider here a more
sophisticated and widely shared threshold model which makes use of an integral
threshold to describe the onset of B-cell proliferation and to mark the signal which
activates the antibody production. Such kind of approch has been extensively con-
sidered in the literature (see e.g. Gatica and Waltman [18, 19, 20], Waltman and Butz
[37], Waltman [36], Cooke [12], Hoppensteadt and Waltman [29]).

These threshold models, which are still valid and topical (see e.g. [26, 31]) are
complicate to treat mathematically and have the peculiarity to lead to functional dif-
ferential equations rather than to ordinary differential equations.

The framework we consider describes a realistic although simplified situation
describing the challenge of a chemical antigen which binds to receptor sites on the
surface of lymphocytes. This determines the activation of a signal which gives rise to
the lymphocyte production phase; the nature of this triggering mechanism is still not
exactly known to immunologists and the model aims to represent it in a very general
way.

In the first phase, the one preceding the onset of lymphocyte proliferation, the dy-
namics describing the interaction among free antigen molecules, free receptor sites
and bound receptor sites is described by a chemical reaction-like system of stiff or-
dinary differential equations y ′(t) = fa (y(t)).

In the second phase, which is established through a first threshold effect modelled
by an integral equation which depends on the concentration of bound receptor sites,
the model changes form and is described by a system of delay differential equations

of the type y′(t) = fb
(

y(t),y
(
α1(t,y(t))

))
where y denotes the vector of unknown

concentrations of antigen molecules and receptor sites and α 1(t,y(t)) ≤ t is a devi-
ating argument which allows to model the memory effect of the phenomenon. Such
deviating argument depends on the solution y itself (the so-called state of the system)
and its dynamics is also described by a suitable functional differential equations.

Finally, in the third phase, which is established through a second threshold effect,
the model is described by a larger system of delay differential equations which in-
cludes the proliferation of antibodies. A further memory effect is described by a sec-
ond deviating argument so that the whole system is described by a system of six delay
differential equations; four equations describe the dynamics of the concentrations of
antigen molecules, free and bound receptor sites on the surface of lymphocytes and

antibodies. They have the form y ′(t) = fc
(

y(t),y
(
α1(t,y(t))

)
,y
(
α2(t,y(t))

))
, where

α2(t,y(t)) ≤ t denotes the second deviating argument modelling the memory effect
in the antibodies production process. The remaining two equations describe the dy-
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namics of the deviating arguments α1 and α2. As time increases the memory effects
tend to reduce or also to disappear in the model which means that α 1(t,y(t)) and
α2(t,y(t)) approach t.

1.3.1 The quantitative model

The whole model is an interesting system of stiff delay differential equations.
To describe it mathematically, we introduce the following quantities:

(1) y1(t) the concentration of unbound antigen molecules at time t;
(2) y2(t) the concentration of unbound receptor sites at time t;
(3) y3(t) the concentration of bound receptor sites at time t;
(4) y4(t) the concentration of unbound antibodies at time t.

Initial phase.

The antigen molecules and the receptor sites combine according to the mass action
law,

y′1(t) = −r1 y1(t)y2(t)+ r2 y3(t)
y′2(t) = −r1 y1(t)y2(t)+ r2 y3(t)
y′3(t) = r1 y1(t)y2(t)− r2 y3(t),

with r1,r2 denoting suitable rate constants.
This model holds until the time t0 when the trigger to initiate lymphocytes pro-

liferation begins. The model assumes that t0 is given by the integral equation

t0∫
0

f1 (y1(s),y2(s),y3(s)) ds = m1,

being m1 an appropriate biological threshold. The previous integral models the accu-
mulation of signals depending on the concentration of free antigen molecules, free
receptor sites and receptor-antigen complexes.

Intermediate phase.

In this phase new receptor sites are generated so that the system evolves according
the following equations,

y′1(t) = −r1 y1(t)y2(t)+ r2 y3(t)
y′2(t) = −r1 y1(t)y2(t)+ r2 y3(t)+ar1 y1 (α1(t)) y2 (α1(t))
y′3(t) = r1 y1(t)y2(t)− r2 y3(t),

where a is an amplification factor and α1(t) ≤ t models a memory effect described
by the integral equation
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t∫
α1(t)

f1 (y1(s),y2(s),y3(s)) ds = m1, t ≥ t0. (1.7)

This model holds until a certain time t1 when the trigger to initiate antibodies pro-
duction begins. The model assumes that t1 is given by the integral equation

t1∫
0

f2 (y2(s),y3(s)) ds = m2,

being m2 an appropriate biological threshold.

Final phase.

In this phase antibodies (y4) are produced by the immune system according to the
following equations,

y′1(t) = −r1 y1(t)y2(t)+ r2 y3(t)− sy1(t)y4(t)
y′2(t) = −r1 y1(t)y2(t)+ r2 y3(t)+ar1 y1 (α1(t)) y2 (α1(t))
y′3(t) = r1 y1(t)y2(t)− r2 y3(t),
y′4(t) = −sy1(t)y4(t)− γ y4(t)+br1 y1 (α2(t)) y2 (α2(t))

where s is a combination factor, b is an amplification factor related to antibody secre-
tion capacity of plasma cells, γ is a catabolic factor and α2(t)≤ t is a second memory
effect described by the integral equation

t∫
α2(t)

f2 (y2(s),y3(s)) ds = m2, t ≥ t1. (1.8)

Summary

The whole problem consists of six equations; four to describe the interaction between
the antigen and the immune system,⎧⎪⎪⎪⎨⎪⎪⎪⎩

y′1(t)=−r1 y1(t)y2(t)+ r2 y3(t)− sy1(t)y4(t)
y′2(t)=−r1 y1(t)y2(t)+ r2 y3(t)+ar1 y1

(
α1(t)

)
y2
(
α1(t)

)
H(t − t0)

y′3(t)=r1 y1(t)y2(t)− r2 y3(t)
y′4(t)=−sy1(t)y4(t)− γ y4(t)+br1 y1

(
α2(t)

)
y2
(
α2(t)

)
H(t − t1)

(1.9)

and two to describe the dynamics of the deviating arguments α 1 and α2, which are
obtained by differentiating equations (1.7) and (1.8),⎧⎪⎪⎪⎨⎪⎪⎪⎩

α ′
1(t)=H(t − t0)

f1 (y1(t),y2(t),y3(t))
f1 (y1 (α1(t)) ,y2 (α1(t)) ,y3 (α1(t)))

α ′
2(t)=H(t − t1)

f2 (y2(t),y3(t))
f2 (y2 (α2(t)) ,y3 (α2(t)))

(1.10)

where H(x) is the Heavyside function (H(x) = 0 if x < 0 and H(x) = 1 if x ≥ 0).
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Fig. 1.1. Solution components of the problem (1.9) with the choice of parameters given in Sect
1.3.6.

Numerical integration

From the numerical point of view the model presents the following difficulties (see
also Figures 1.1 and 1.2):

(i) the deviating arguments are state-dependent and hence are not known in ad-
vance;

(ii) the delays t −α1(t,y(t)) and t −α2(t,y(t)) become very small as time grows;
this prevents the possibility of considering the problem step-by-step as a system
of ordinary differential equations;

(iii) the solution components have very different magnitudes and have very steep
variations in correspondence of the triggers initiating the proliferation first of
lymphocytes and later of antibodies;

(iv) the presence of discontinuities in the right-hand side, due to the threshold mech-
anisms, determines a certain number of breaking points, which have to be treated
carefully in order to avoid a loss of accuracy;

(v) the system is stiff and therefore needs to be integrated numerically by an implicit
method.
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Fig. 1.2. Delays of the problem (1.9) with the choice of parameters given in Sect 1.3.6.

We have numerically integrated the problem by means of the code RADAR5,
whose main features are described here. We shall discuss the application of stiffly
accurate collocation methods based on Radau nodes to systems of delay differential
equations of the form

y′(t) = f
(

t,y(t),y
(
α1(t,y(t))

)
, . . . ,y

(
αp(t,y(t))

))
(1.11)

with initial data
y(t0) = y0, y(t) = g(t) for t < t0.

We assume that the deviating arguments are such that α i(t,y(t)) ≤ t for all t ≥ t0 and
for all i.

As we have mentioned the integration of delay differential equations presents
several additional difficulties with respect to ODEs.

In particular, discontinuities may occur in various orders of the derivative of the
solution, independently of the regularity of the right-hand side; this could lead to a
loss in the accuracy of the numerical approximation. Small delays complicate the use
of explicit approximation methods and determine a structural change in the Runge–
Kutta equations of implicit methods; on the other hand large delays force to store
a large amount of information (the solution in the past). Furthermore error control
strategies for ODEs may be inappropriate for delay differential equations since the
continuous output has also to be controlled. For a comprehensive discussion on these
issues we refer the reader to [7].

The remainder of this section is organized as follows. First we describe the inte-
gration process. Then we describe a technique to compute breaking points which is
peculiar to implicit methods. Afterwards we direct our attention at the Newton pro-
cess for the solution of the Runge–Kutta equations associated to each step. Finally
we deal with an error control technique which is well-suited to stiff delay equations.
The last section illustrates the application of the code RADAR5 to the considered
Waltman model.
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1.3.2 The integration process

We direct our attention here to stiff equations and more generally to problems where
the use of an explicit method would lead to stepsize restrictions which are not due to
accuracy requirements and can be overcome by using an implicit method.

The integration scheme we consider is based on the ν-stage Radau IIA colloca-
tion method (in particular the code RADAR5 uses ν = 3). For a detailed description
we address the reader to [21], [22] and [23]. We use the following notation:

◦ f (t,y,z1, . . . ,zp) denotes the right hand side function;
◦ the nodes {ci}, the weights {bi} and the coefficients {ai j} are those of the Radau

IIA method; in the case ν = 3 its Butcher tableau is given by

4−√
6

10
88−7

√
6

360
296−169

√
6

1800
−2+3

√
6

225

4+
√

6
10

296+169
√

6
1800

88+7
√

6
360

−2−3
√

6
225

1 16−√
6

36
16+

√
6

36
1
9

16−√
6

36
16+

√
6

36
1
9

;

◦ Y j denotes the j-th stage value computed at the current step;
◦ hn+1 = tn+1 − tn indicates the current stepsize;
◦ α� j := α�(tn + c j hn+1,Y j) yields an approximation of α�(tn + c j hn+1,y(tn +

c j hn+1));
◦ η(t) is the piecewise polynomial continuous approximation to the solution. In

most cases it is given step-by-step by the collocation polynomial associated to
the method.

The Runge–Kutta formula applies to (1.11) as⎧⎨⎩
0 = Fi

(
Y 1, · · · ,Y ν ,Z11, · · · ,Z1ν , . . . ,Zp1, · · · ,Zpν) , i = 1, . . . ,ν

yn+1 = Y ν ,

(1.12)

with

Fi (. . .) = Y i − yn−hn+1

ν

∑
j=1

ai j f
(

tn + c jh,Y j,Z1 j , · · · ,Zp j
)
, (1.13)

and

Z� j =

{
g
(
α� j
)

if α� j ≤ t0

η
(
α� j
)

if α� j > t0.

Also here we have omitted the dependence of Fi, α� j and Z� j on n. The continuous
approximation η to the solution at the m-th step, that is for tm ≤ t ≤ tm+1 (m ≤ n), is
given by one of the following polynomials,
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um(tm + ϑhm+1) = L0(ϑ)ym +
s

∑
i=1

Li(ϑ)Y i, ϑ ∈ [0,1], (1.14)

vm(tm + ϑhm+1) =
s

∑
i=1

L̂i(ϑ)Y i, ϑ ∈ [0,1]. (1.15)

Remark that in (1.14) and (1.15) the stage values Y i are those relevant to the interval
[tm,tm+1]. Here hm+1 is the stepsize used at the m-th step, Li(ϑ) is the polynomial of
degree ν satisfying Li(ci) = 1 and Li(c j) = 0 for j �= i (where c0 = 0 and c1, . . . ,cν
are the nodes of the method) and L̂i is the polynomial of degree ν − 1 satisfying
L̂i(ci) = 1 and L̂i(c j) = 0 for j �= i ( j, i = 1, . . . ,ν)).

In most cases the first polynomial is chosen, but in those cases where tm is a
jump discontinuity for the solution (see [21]) the second polynomial provides a more
accurate uniform approximation.

If α� j ≤ tn for all � and j, then all arguments Z � j can be explicitly computed
by the knowledge of the continuous approximation of the solution in the past, that
is η(t) for t ≤ tn. This situation corresponds to the so-called method of steps (see
[8]). In such a case we have to deal locally with a system of ODEs. Nevertheless, if
α� j ∈ (tn,tn+1] for some pair (�, j), it means that there are delays which are smaller
than the used stepsize; hence η

(
α� j
)

is not known explicitly. In fact for m = n, um (or
vm) identifies the continuous output to be computed in the current interval [t n, tn+1]
(which thus depends on the unknown current stage values). As a consequence the
structure of the nonlinear equations (1.12) would be quite different with respect to
the previous case.

For this reason, in order to solve the Runge–Kutta equations, we are driven to a
more sophisticated scheme with respect to the one used for ODEs.

1.3.3 Tracking the breaking points

As we have seen in Section 1.1, a serious difficulty is the possible loss of regularity
of the solution, due to breaking points, even in the presence of smooth functions
f (t,y,z), g(t), and αi(t,y) (i = 1, . . . , p) in the problem (1.11).

In most cases, only a few breaking points are significant for a numerical integra-
tion, because discontinuities in a sufficiently high derivative of the solution are not
recognized by the numerical method.

In the case where αi does not depend on y(t) for all i, the breaking points can be
computed in advance by solving first the scalar equations α i(ζ ) = t0 for ζ , then for
every solution ζk the scalar equation αi(ξ ) = ζk and so on. For an efficient integra-
tion, computed breaking points can be inserted in advance into the mesh. But in the
general (so-called state-dependent) case, where - for some i - α i depends on y, such
a computation is not possible a priori.

If the breaking points are not included in the mesh and a variable stepsize in-
tegration is used, the stepsizes may be severely restricted near the low order jump
discontinuities. Thus it is important to design an algorithm that allows a code to com-
pute automatically the disturbing breaking points and to include them in the mesh of
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integration (for an extensive discussion we address the reader to [22]). In this way,
not only step rejections will be avoided, but also the accuracy of the approximation
will be significantly improved.

Detection of breaking points

To compute the set B of breaking points, at the beginning we set B = {t 0} (and
possibly include irregular points of the initial function g(t) of problem (1.11)). The
problem is to find the zeros of the functions

d�(t;ζ ) = α�

(
t,η(t)

)− ζ , � = 1, . . . , p, (1.16)

where ζ ∈ B is a previous breaking point and η(t) is a suitable approximation to the
solution.

A very simple approach would be to test, in every accepted step, whether at least
one of the functions d�(t;ζ ) (see (1.16)) changes sign. The breaking point can then
be localized, computed and added to the set B. Such a strategy is often expensive
because of the many step rejections that usually occur when approaching a breaking
point. We consider instead the following strategy (see [22]). Suppose that the prob-
lem is integrated successfully until tn and a stepsize hn+1 is proposed for the next
step. We expect a breaking point in [tn, tn + hn+1] if the following two conditions
occur:

(a) the step is rejected, i.e., the iterative solver for the nonlinear system (1.12) fails
to converge, or the local error estimate is not small enough,

(b) there exists a previous breaking point ζ such that d �(t;ζ ) = α�(t,un−1(t))− ζ
changes sign on [tn,tn +hn+1], where un−1(t) is the continuous output polynomial
of the preceding step.

The extrapolated use of un−1 in order to approximate the solution y in the interval
[tn,tn + hn+1] is safe because we assume that the solution is regular in the previous
accepted step. On the other hand the use of extrapolation may lead to an approxima-
tion of the breaking point which is not accurate. For this reason we do not use the
polynomial un−1 for its computation.

The search hence activates only in case of a stepsize rejection and proceeds
through the following phases (we focus attention on the n-th time step, where we
assume a stepsize rejection).

Algorithm 1.3 Assume that the step [tn, tn +hn+1] is rejected;

1. Look for zeros of the functions

d�(t;ζ ) = α�

(
t,un−1(t)

)
− ζ , ζ ∈ B, � ∈ {1, . . . , p},

for t ∈ [tn,tn +hn+1];
2. If �̂∈ {1, . . . , p} and ζ̂ ∈ B are determined such that d �̂(tn; ζ̂ ) ·d�̂(tn +hn+1; ζ̂ ) <

0 pass to Algorithm 1.4;
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3. Otherwise reduce the stepsize according to classical criteria.

If Algorithm 1.3 actually detects a breaking point, the exact breaking point will be
close to the zero of d�̂(t; ζ̂ ). We indicate it by ξ̂ , that is

α�̂

(
ξ̂ ,un−1(ξ̂ )

)
− ζ̂ = 0. (1.17)

Computation of breaking points

Once a breaking point is detected the second phase of the procedure activates with
the goal to compute it to the desired accuracy. Let us denote by Y =

(
Y 1, · · · ,Y ν)T

the vectors of unknown stage values.

Algorithm 1.4 Suppose that a breaking point has been detected by Algorithm 1.3.

1. We iteratively solve the augmented system

Y i = yn + h
s

∑
j=1

ai j f
(

tn + c jh,Y j,Z1 j , . . . ,Zp j
)
, i = 1, . . . ,ν (1.18)

α�̂

(
tn +h,un(tn +h)

)
= ζ̂ (1.19)

with respect to the unknowns Y and h.
2. If the iterative process converges then set hn+1 = h and go to 4.
3. Otherwise reduce the stepsize according to classical criteria and exit;
4. If the step is accepted (that is that the estimated local error is below the required

error tolerance) then the new point ξ ∗ = tn + hn+1 is inserted into the set of
computed breaking points;

5. Otherwise reduce the stepsize according to classical criteria and exit.

Since we are interested in stiff problems we solve the Runge–Kutta equations
by means of a suitable Newton process. In order to preserve the tensor structure
of the Jacobian in the Newton process for solving (1.12)-(1.13) (see [21] and the
next subsection), we alternatively solve (1.18) and (1.19) until convergence (for a
convergence analysis see [22]). Experimental tests have shown that this strategy turns
out to be very effective.

Remark 1.5. The need of an accurate computation of the breaking points is common
to all methods for integration of equations with delays. However, for non-stiff prob-
lems, the procedure above turns out to be significantly simplified by using the class
of explicit methods described in Section 1.4 because, in that case, the simultaneous
solution of the RK equations and the breaking point equation is implicit in the sole
unknown h.
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Theoretical remarks

Other authors considered alternative techniques for approximating the breaking
points (see e.g. [24] and [17]). Contrary to our approach, they do not use the contin-
uous output of the current step, but some approximation whose error is difficult to
control.

The main idea presented here is related to the fact that in the algorithm which
computes the RK-step, the stepsize is not fixed but is variable; this allows for an
accurate computation of the breaking point to the discrete order p of the method (the
root ξ̂ of (1.17) may instead be a quite inaccurate approximation of it and is related
in any case to the uniform order of the method).

For the following discussion we assume that equations (1.18) and (1.19) are
solved exactly. Under suitable smoothness and regularity assumptions the following
results hold (for the proof see [22]).

Theorem 1.6. Let y(t) be the solution of (1.11), and let ζ and ξ be exact breaking
points of the problem such that αi

(
ξ ,y(ξ )

)
= ζ (for some i). Further, let ζ ∗ be an

approximation of ζ obtained with sufficiently small stepsizes, and let ξ ∈ (t n, tn+1).
If

d
dt

(
αi
(
t,y(t)

))∣∣∣
t=ξ

�= 0, (1.20)

then the breaking point ξ ∗ computed by the Algorithm 1.4 satisfies

|ξ ∗ − ξ | ≤C
(‖yn+1− y(tn+1)‖+ |ζ ∗− ζ |),

where C is a suitable constant.

As a consequence of this result we are able to extend Theorem 1.1 (see also
Theorem 6.1.2 in [7]).

For problems (1.11) with state dependent delays it may happen that t n is a nu-
merically computed breaking point, and the corresponding exact breaking point is
slightly different. If at this point the solution has a jump discontinuity, the global
error cannot be bounded in terms of h. Nevertheless we have the following con-
vergence result. Let H represent the maximal stepsize and r = max{2ν −1,ν +1},
being 2ν −1 is the classical order of the method.

Theorem 1.7. Consider a smooth delay problem (1.11) on a bounded interval with
well separated breaking points satisfying (1.20). If, instead of the exact breaking
points, those obtained by Algorithm 1.4 are used, then we have

‖η(t)− y(ϑ)‖ = O(Hr), (1.21)

where the function ϑ = ϑ(t) satisfies ϑ = t +O(Hr).

For the proof see [22].
This is equivalent to the property

‖η(t)− y(t)‖= O(Hr) for all t �∈ J,
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with
J =

⋃
i≥0

[ξi,ξ ∗
i ] ,

where {ξi}i≥0 and {ξ ∗
i }i≥0 denote the sets of the exact and of the corresponding nu-

merical breaking points (respectively)and [ξ i,ξ ∗
i ] denotes the interval between them.

Continuous approximation after breaking points

Since the solution is in general not smooth in correspondence of a breaking point,
also the continuous approximation may be inadequate. As an example, if the solution
has a jump in correspondence of a breaking point, the use of the collocation polyno-
mial should be avoided since it forces a global continuity and hence determines a loss
in the uniform approximation accuracy. To obtain a more accurate approximation we
prefer to consider in general the polynomial vm (see (1.15)) of degree ν − 1, which
interpolates the values Y i but not ym (compare with (1.14)). This choice allows a
globally discontinuous approximation to the solution and determines a local uniform
order q = ν . This choice might be better with respect to the use of the collocation
polynomial also when the solution is theoretically continuous but in practise has a
jump, that is it presents a large variation with respect to the stepsize h (see e.g. [21]).

1.3.4 Solving the Runge–Kutta equations

We solve the Runge–Kutta equations by means of a suitable Newton process. Then
we make use of the further notation:

◦ A :=
{

ai j
}

denotes the RK matrix;

◦ U� j :=
{

um
(
α� j
)

if tm ≤ α� j ≤ tm+1

0 otherwise.

In order to obtain an accurate computation of the derivatives of the function

Fi
(
Y 1, · · · ,Y ν ,Z11, · · · ,Z1ν , . . . ,Zp1, · · · ,Zpν)

we consider the following approximation

∂Fi

∂Y k ≈ δik Id −hn+1

p

∑
�=1

(
aik D�k + D̂�k

)
(1.22)

where Id denotes the d×d-identity matrix, δ ik is the Kronecker delta symbol and

D�k =
∂ f
∂y

+
∂ f
∂ z�

η ′(α�k)
∂α�

∂y
,

D̂�k =
s

∑
j=1

ai j
∂ f
∂ z�

∂U� j

∂Y k .

with ∂α�
∂y = ∂α�

∂y (tn,yn),
∂ f
∂y = ∂ f

∂y

(
tn,yn,σ1, · · · ,σp

)
, and ∂ f

∂ z�
= ∂ f

∂ z�

(
tn,yn,σ1, · · · ,σp

)
,

where σ� = η(α�0) and α�0 = α�(tn,yn).
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We note that the last term D̂�k is always zero if the deviating argument falls on
the left side of tn ; more precisely, we get

∂U� j

∂Y k = U �
jk Id ,

where

U �
jk =

{
Lk(ψ� j) if ψ� j > 0

0 otherwise,
(1.23)

with
ψ� j :=

(
α�(tn + c jhn+1,Y

j)− tn
)
/hn+1.

The considered approximations make the Newton process inexact and linearly con-
vergent.

Structure of the Jacobian in the general case

In order to solve (1.12) we set Y =
(
(Y 1)T,(Y 2)T, · · · ,(Y ν)T

)T
, the ν ·d-dimensional

vector of unknowns, and consider the Newton iteration process. In the general case
the Jacobian of (1.12) is given by the following matrix,

J = Iν ⊗ Id −hn+1 A⊗
(

∂ f
∂y

+
p

∑
�=1

∂ f
∂ z�

η ′(α�0)
∂α�

∂y

)
−hn+1

p

∑
�=1

A ·U �⊗ ∂ f
∂ z

,

(1.24)
where Iν indicates the ν × ν-identity matrix, ∂ f/∂y, ∂ f /∂ z denote the matrices of
the partial derivatives of f w.r.t. the y and z variables respectively, ∂α �/∂y the row

vector of the partial derivatives of α� w.r.t. y and U � =
{
U �

jk

}ν

j,k=1
(see (1.23)).

Although J is actually an approximation of the true Jacobian of (1.12), in order
to distinguish it from further simplifications, we shall call the corresponding Newton
iteration as quasi-exact.

The quasi-exact iteration is always the correct one and in particular it is substan-
tially exact also in the cases when the delay vanishes or the stepsize is larger than the
delay. It allows a more efficient solution of the Runge–Kutta equations although be-
ing quite expensive; in fact the Jacobian has a full structure (although often sparse),
so that the cost of the LU factorization of J is (1/3) · (ν n)3 (9 · n3 if ν = 3). No
general reduction to a special structure is possible in this general case. Nevertheless
observe that U � is the zero matrix if the corresponding �-th deviating argument does
not fall into the current step (see (1.23)). If this situation occurs for all � the problem
presents a so-called ODE-like structure.

The ODE-like iteration

Consider the case when U � = 0 for all �, that is the case where delays are larger
than the stepsize or equivalently that the deviating arguments fall on the left of t n, i.e.
α�(tn + c jh,Y j) < tn for all j = 1, . . . ,ν and for all � = 1, . . . , p. Then we have that
the last term in (1.24) is identically zero; this means that
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J = Iν ⊗ Id −hn+1 A⊗
(

∂ f
∂y

+
p

∑
�=1

∂ f
∂ z�

η ′(α�0)
∂α�

∂y

)
:= J0. (1.25)

Then, following the ideas of Bickart and Butcher, the matrix J0 is pre-multiplied
by (hn+1 A)−1 ⊗ Id. Successively, in order to exploit the structure of the system, the
idea is to block-diagonalize A−1 (this is completely analogous to the ODE-case as
shown e.g. in [28]). Indicating by T the transformation matrix, we have T −1 A−1 T =
D (where D is block-diagonal); then, introducing the transformed variables W :=
(T−1 ⊗ Id)Y , we obtain an equivalent Newton iteration with Jacobian

Ĵ0 = h−1
n+1 D⊗ Id − Iν ⊗

(
∂ f
∂y

+
p

∑
�=1

∂ f
∂ z�

η ′(α�0)
∂α�

∂y

)
. (1.26)

Since the obtained linear system has block-diagonal structure, the linear algebra is
certainly more efficient with respect to the original iteration (based on J 0).

But when the stepsize is larger than one or more delays, which means that - for
some � and for some j ∈ {1, . . . ,ν} - α�(tn + c jhn+1,Y j) > tn, the situation is com-
pletely different and the previous procedure cannot be fruitfully applied to (1.24).
In order to maintain the advantage of the tensor structure given by (1.26) one could
proceed by considering an inexact Newton process where the correct Jacobian (that
is (1.24)) is only roughly approximated by (1.25). In this way - considering the trans-
formation to (1.26) - the LU-factorization in the Newton process would be cheaper.

The risk lies in the fact that the Newton iteration may become significantly slower
or also have problems to converge.

The stopping criteria implemented in the code RADAR5 are similar to those
used for ODEs (see [27, 21]). Let us shortly review them. We set Ỹ [k] the k-th iterate
generated by the Newton process in order to approximate Y , the exact solution of
(1.12), and define ∆ [k] = Ỹ [k] − Ỹ [k−1]. If the method is linearly convergent, as we
expect, we have ‖∆ [k]‖ ≤Θ‖∆ [k−1]‖ with |Θ | < 1. Then we get the estimate

‖Ỹ [k] −Y‖ ≤ Θ
1−Θ

‖∆ [k−1]‖. (1.27)

In order to estimate Θ the ratios

Θk = ‖∆ [k]‖/‖∆ [k−1]‖

are progressively computed. According to (1.27) and setting η k = Θk/(1−Θk), the
iteration is then successfully stopped if

ηk‖∆ [k]‖ ≤ ρ ·Tol, (1.28)

where Tol is the adopted error tolerance and ρ is a suitable coefficient. We denote

by kmax the maximum number of allowed iterations. The iteration fails if one of the
following situations occur (for some k ≤ kmax):
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Θk ≥ 1, (1.29)

Θ kmax−k
k

1−Θk
‖∆ [k]‖ > ρ ·Tol. (1.30)

Condition (1.29) indicates that the iteration is diverging while condition (1.30) esti-
mates that (1.28) seems not to be fulfilled within the remaining k max − k iterations.

Preserving the tensor structure of the Jacobian

As we have mentioned, using (1.25) as an inexact approximation of (1.24) may be not
safe. An efficient simplification would consist in possibly approximating the matrices
U � in (1.24) as

U � ≈ γ� Iν , for a suitable γ � ∈ R.

This would determine for the corresponding Jacobian matrix the same special ten-
sor structure of the Jacobian matrix J0 (hence allowing a transformation which is
analogous to (1.26)).

The ODE-like iteration corresponds to choosing γ � = 0 for all �. But when U � �=
0 we have seen (and experimentally verified) that this might be quite critical for the
convergence of the Newton process. Thus a suitable choice of the parameter γ � turns
out to be important for the convergence of the Newton iteration.

A structure preserving approximation

A first possibility is that of setting U � = Iν if α�(tn + c jh,Y j) > tn for some j; this
strategy is implemented in the first version of the code RADAR5.

A second possibility, which has been included in the second release of the code
RADAR5 consists in finding the optimal coefficient γ � on the basis of a suitable
optimization criterium. We propose the following choice:

γ� −→ min
γ∈R

‖U �− γ Iν‖2 (1.31)

where ‖ · ‖ is the Frobenius norm.
This choice has been motivated both by the simple determination of the opti-

mal coefficient, which is be obtained by using such norm, and by the good results
obtained in our numerical experience.

Since the argument function in the min in (1.31) is a quadratic function with
respect to γ , the global minimizer is computed explicitly (see [23]). We remark that
in the special case where α�(t,y(t)) ≡ t, we obtain - as we expect - γ � = 1. This can
be reasonably interpreted as the approximate situation where the stepsize is much
larger than the corresponding delay.

With the previous procedure we obtain the following approximation of (1.24)

Jγ = Iν ⊗ Id −hA⊗
(

∂ f
∂y

+
p

∑
�=1

(
η ′(α�0)

∂α�

∂y
+ γ�

)
∂ f
∂ z�

)
, (1.32)
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and consequently, by making use of the same transformation used in order to obtain
Ĵ0 (see (1.26)), we get

Ĵγ = (hn+1)−1 D⊗ Id − Iν ⊗
(

∂ f
∂y

+
p

∑
�=1

(
η ′(α�0)

∂α�

∂y
+ γ�

)
∂ f
∂ z�

)
, (1.33)

having the same block-diagonal structure of Ĵ0.

Implemented algorithm in RADAR5

The inexact iterations are computationally convenient. In fact the transformation of
the approximated Jacobian to (1.33) is very convenient; for the 3-stage Radau method
the cost for the linear systems would be (5/3) ·n3 ops.

We allow two possible Newton iterations in the method:

◦ a cheap inexact iteration which consists of setting U � = γ� Iν (according to
(1.31)) and leads to a block-diagonal structure Jacobian matrix;

◦ an expensive quasi-exact iteration, which consists of taking U � �≡ 0 according to
(1.23), which leads to a full-structure Jacobian matrix.

The first iteration turns out to be equivalent to the second one if the stepsize is smaller
than all delays, that is all deviating arguments fall on the left-hand side of the point
tn; furthermore it is very close to the second also when the delays are much larger
than the stepsize, that is when α�(s,y(s)) ≈ s (for all �) in the integration interval
[tn,tn+1]. The strategy we have chosen is the following. We make use of an iteration
indicator Iflag which drives the procedure.

Algorithm 1.8 At the beginning of the step, if necessary, we compute the ODE-like
Jacobian J0.

1. If necessary we compute the optimal values γ � (� = 1, . . . , p) according to (1.31)
and update the Jacobian Jγ according to (1.33). Then we set Iflag = 1 (inexact
iteration).

2. Otherwise we set Iflag = 0 (pure ODE-like iteration).
3. Apply the inexact iteration.
4. If the iteration fails (see (1.29) and (1.30)) we stop it and go to 6.
5. Otherwise we accept the step and exit.

Possible switch to a exact iteration.
6. If Iflag = 0 we reduce the stepsize and restart a new step: go to 3.
7. Otherwise we set Iflag = 2 (quasi-exact iteration).
8. Apply the quasi-exact iteration.
9. If the quasi-exact iteration fails (see (1.29) and (1.30)) we stop it and reduce the

stepsize. Then we restart a new step: go to 1.
10. Otherwise we accept the step and exit.
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1.3.5 Local Error Estimation and Step Size Control

Step size selection strategies for stiff ordinary differential equations are usually based
on error estimations at grid points. For delay equations, where the accuracy of the
dense output strongly influences the performance, such an approach is not sufficient.
We shortly recall the technique used in RADAU5 [27, Sect. IV.8], and we discuss
a modification suitable for delay equations. Standard error estimators for ordinary
differential equations are based on embedded methods. This leads to

∆yn = hn+1 f (yn,zn)+
ν

∑
i=1

ei
(
Y i − yn

)
, (1.34)

where the coefficients ei are chosen such that ∆yn = O(hν+1
n+1) whenever the problem

and the solution are smooth. For very stiff problems, the expression ∆y n largely
overestimates the true local error; thus it is pre-multiplied by the projection matrix

P =
(
Id −hn+1λ ( fy + . . .)

)−1
, (1.35)

where λ is a real eigenvalue of the Runge–Kutta matrix A. Whenever the tensor
product structure in (1.33) is exploited, an LU decomposition of the matrix I d −
hn+1λ ( fy + . . .) is already available from the simplified Newton iterations..

We consider the following norm for an arbitrary (error) vector w n,

‖wn‖2 =
1
d

d

∑
i=1

(
wn,i

si

)2

,

where si = 1 + ρ |yn,i| and ρ is the ratio tolr/tola between the relative (tolr) and
absolute (tola) input tolerances per step (which are used for the stepsize selection).
Then we denote by ωn the following measure of the error at grid points,

ωn = ‖∆yn‖.

We shall call ωn as the discrete component of the local error. In the general case,
the local order of the error-estimating method turns out to be ν + 1, that is ω n =
O(hν+1

n+1).

Estimation of the error in the dense output

As we have mentioned, for delay equations, where the uniform accuracy of the nu-
merical solution has also influence on the local error, it is necessary to control the
error uniformly in time. To do this we may consider in general also the polynomial
vm (see (1.15)) of degree ν −1, which interpolates the values Y i but not ym. It turns
out that

ηn = max
ϑ∈[0,1]

‖un(tn +hn+1ϑ)− vn(tn +hn+1ϑ)‖ = ‖un(tn)− vn(tn)‖ = O(hν
n+1).
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We use this quantity as an indicator for the uniform error and denote it as continuous
component of the local error.

The estimate used for the stepsize control is finally given by

errn = γ1ωn + γ2 (ηn)(ν+1)/ν = O(hν+1
n+1), (1.36)

with the parameters γ1,γ2 ≥ 0 possibly tuned by the user. This choice is the fruit of
both theoretical and empirical analysis. The order of the estimation is ν +1 (that is
4 if ν = 3) when the solution is smooth, and is obtained quite cheaply. After error
estimation stepsize prediction is obtained by classical formulas (see [27]).

1.3.6 Numerical illustration for the Waltman problem

In this final paragraph we illustrate the behavior of the algorithms presented in this
section, which have been implemented in the code RADAR5 (version 2). The code
applied to problem (1.9) behaved very well.

In particular, let us focus our attention on the breaking point computation tech-
nique, on the devised Newton process, and on the error control strategy.

We consider the following choices for the model problem (1.9)–(1.10): f 1(x,y,w)=
xy+w and f2(y,w) = y+w are the functions modelling the accumulation effects in
(1.7) and (1.8), a = 1.8 and b = 20 are the amplification factors, γ = 0.002 is a
catabolic factor, r1 = 5 ·104,r2 = 0 and s = 105 are combination factors. Finally, in
order to simplify the problem, we fix t0 = 35, t1 = 197 as the activation instants.

The initial values and initial functions are given by y1(t) = 5 · 10−6, y2(t) =
10−15, and y3(t) = y4(t) = α1(t) = α2(t) = 0 for t ≤ 0.

breaking point ancestor argument

ξ1 = 55.21325176 t0 α1

ξ2 = 69.26718167 ξ1 α1

ξ3 = 79.63960593 ξ2 α1

ξ4 = 197.0000071 t0 α2

ξ5 = 197.0000115 ξ1 α2

ξ6 = 197.0000125 ξ5 α1

ξ7 = 197.0000147 ξ2 α2

ξ8 = 197.0000173 ξ3 α2

Table 1.1. Some of the computed breaking points.

The right-hand side of the differential equation has jump discontinuities at t 0 = 35
and t1 = 197, but the solution is continuous and has jumps only in its derivatives.
There are two state dependent delays α1(t,y(t)) = y5(t) and α2(t,y(t)) = y6(t). After
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activation, the first delay monotonically approaches a constant value (nearly vanish-
ing delay); the second has an extremely steep slope and rapidly approaches 0 (see
Fig. 1.2).

The code successfully solves this problem on the interval [0,300] for all toler-
ances. Breaking points for the solution are obviously t 0 and t1 (included in the mesh).
The code further computes several breaking points, some of which are indicated in
Table 1.1. Due to the nearly vanishing delays in the problem, there is a huge amount
of breaking points beyond t = 197, and our computation shows that only a few of
them are important and have to be included in the mesh. Any code that tries to com-
pute all breaking points will be inefficient for this problem, because it has to take too
small steps. With relative and absolute tolerances tolr = 10−6, tola = 10−6tolr at the
endpoint t = 300 the numerically computed values of the deviating arguments are

α1(300) = 299.9999, α2(300) = 299.6649,

while the stepsize h = 16.5045, which means that the stepsize is much larger than
the delays.

version 2 version 1
e feval error feval error

3 2227 0.218 2800 0.778
6 3409 6.85e-4 4244 1.05e-2
9 7939 3.32e-6 8537 2.48e-4
12 22694 3.66e-8 —- ——

Table 1.2. Error behavior: comparison between versions 1 and 2 of RADAR5.

Table 1.2 illustrates the behavior of the code for various relative error tolerances
(per step), which we denote by tolr. We indicate by e = − log(tolr). We denote by
feval the number of function evaluations and by error the computed relative error on
the solution. For tolr = 10−12 version 1 stops soon after t1.

Finally look at the effects of the approximation of the Jacobian described at the
end of Section 1.3.4, and implemented in version 2, of the code RADAR5 (nstep is
the total number of steps).

version 2 version 1
e nstep feval nstep feval

4 210 1575 393 2798
6 316 2307 443 3091
8 631 4554 798 5621
10 1183 8544 1447 10340
12 2311 16644 2799 20021

Table 1.3. Behavior of Newton iteration: comparison between versions 1 and 2 of RADAR5.
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Table 1.3 shows that the new version of the code is more efficient than the previ-
ous one. This confirms that a better approximation of the Jacobian achieved.

Observe that for smaller tolerances, the advantage of the novel approach is less
evident since the average stepsize decreases and overlapping occurs less frequently.

1.3.7 Software

Release 2.1 of the code RADAR5 is presently being distributed at the web-sites
http://univaq.it/∼guglielm
http://www.unige.ch/∼hairer/software.html

with several examples, including the considered Waltman model.

1.4 The Functional Continuous Runge-Kutta Method

In this section we construct the Functional Continuous Runge-Kutta Method intro-
duced in Section 1.2 for the general Retarded Functional Differential Equation in the
form {

y′ (t) = f (t,yt) , t ≥ t0
y(t) = φ (t) , t ≤ t0.

(1.37)

According to (1.5) with the option (1.6) for the stages-functions Y i
tin+1

, the FCRK

methods takes the form

η (tn + θhn+1) = η (tn)+hn+1

ν

∑
i=1

bi (θ )Ki, θ ∈ [0,1] (1.38)

where the derivatives Ki are given by

Ki = f
(

ti
n+1,Y

i
tin+1

)
(1.39)

and Y i
tin+1

is a stage-function given by

Y i (tn + θhn+1) = η (tn)+hn+1

ν
∑
j=1

ai j (θ )K j, θ ∈ [0,ci]

Y (t) = η (t) , t ≤ tn.
(1.40)

Note that the coefficients ai j, i, j = 1, ...,ν , are polynomial functions of the pa-
rameter θ ∈ [0,1] and this feature renders these schemes different from Continuous
Runge-Kutta (CRK) methods where only the weights bi, i = 1, ...,ν , are polynomial
functions of θ .

The method is called explicit if ai j (·) is the zero function for j ≥ i. In case of
explicit methods the derivatives Ki, i = 1, ...,ν , can be successively computed as:
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• K1 = f

(
t1
n+1,Y

1
t1n+1

)
where

Y 1 (tn + θhn+1) = η (tn) , θ ∈ [0,c1]
Y 1 (t) = η (t) , t ≤ tn

(note that K1 = f (tn,ηtn) when c1 = 0) and

• for i = 2, ...,ν , Ki = f

(
ti
n+1,Y

i
tin+1

)
where

Y i (tn + θh) = η (tn)+hn+1

i−1
∑
j=1

ai j (θ )K j, θ ∈ [0,ci]

Y i (t) = η (t) , t ≤ tn.

On the contrary in the general implicit case described by (1.39) and (1.40) the
derivatives vector K =

(
K1, ...,Kν) ∈ R

νd is the solution of an νd−dimensional al-
gebraic system.

Remark 1.9. Let us note that if ai j (·) = b j (·), then Y i = η for i = 1, ...,ν and the
FCRK method coincides with the standard approach. On the contrary a CRK method
(A,b(·) ,c) coincides with a FCRK method when it is natural, i.e. ai j = b j (ci), i, j =
1, ...,ν , and the coefficients are given by ai j (·) = b j (·).

When the FCRK method is applied to ODEs, only the value η (tn +hn+1) is
needed and (1.38), (1.39) and (1.40) become

η (tn +hn+1) = η (tn)+hn+1

ν

∑
i=1

bi (1)Ki,

Ki = f
(
ti
n+1,Y

i (ti
n+1

))
and

Y i (ti
n+1

)
= η (tn)+hn+1

ν

∑
j=1

ai j (ci)K j (1.41)

respectively. So it is the same as the ν−stage RK method for ODEs (A,b,c) where
A is ν ×ν−matrix of elements

ai j = ai j (ci) , i, j = 1, ..ν (1.42)

and b is the ν−vector of components

bi = bi (1) , i = 1, ...,ν.
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We denote the FCRK method by the usual Butcher tableau

c1 a11 (θ ) . . . a1ν (θ )
. . .
. . .
. . .
cν aν1 (θ ) . . . aνν (θ )

b1 (θ ) . . . bν (θ )

Here are some elementary examples of FCRK methods.

• One-stage FCRK methods:
c θ

θ (1.43)

i.e.
η (tn + θhn+1) = η (tn)+hn+1θK1, θ ∈ [0,1]

where K1 = f
(

tn + chn+1,Y 1
tn+chn+1

)
and

Y 1 (tn + θhn+1) = η (tn)+hn+1θK1, θ ∈ [0,c]
Y 1 (t) = η (t) , t ≤ tn.

In particular, for c = 0,1/2,1 we get the explicit Euler, Midpoint and implicit
Euler FCRK methods respectively.

• Trapezoidal FCRK method:
0 0 0
1 1

2 θ 1
2θ

1
2 θ 1

2θ
(1.44)

i.e.

η (tn + θhn+1) = η (tn)+hn+1
θ
2

(
K1 +K2) , θ ∈ [0,1] .

where K1 = f (tn,ηtn), K2 = f
(

tn+1,Y 2
tn+1

)
and

Y 2 (tn + θhn+1) = η (tn)+hn+1
θ
2

(
K1 +K2

)
, θ ∈ [0,1] .

Y 2 (t) = η (t) , t ≤ tn.

According to the Remark 1.9, the foregoing examples turn out to be standard
approach. Next two are not.

• Another version of the trapeziodal FCRK method:

0 0 0
1 1

2 θ 1
2 θ

θ − 1
2θ 2 1

2 θ 2

(1.45)
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i.e.

η (tn + θhn+1) = η (tn)+hn+1

[(
θ − θ 2

2

)
K1 +

θ 2

2
K2
]
, θ ∈ [0,1]

where K1 = f (tn,ηtn), K2 = f
(

tn+1,Y 2
tn+1

)
and

Y 2 (tn + θhn+1) = η (tn)+hn+1
θ
2

(
K1 +K2

)
, θ ∈ [0,1]

Y 2 (t) = η (t) , t ≤ tn.

This version differs from the previous one in what it has uniform order two in-
stead of one.

• Heun method:
0 0 0
1 θ 0

θ − 1
2 θ 2 1

2 θ 2
(1.46)

i.e.

η (tn + θhn+1) = η (tn)+hn+1

[(
θ − θ 2

2

)
K1 +

θ 2

2
K2
]
, θ ∈ [0,1]

where K1 = f (tn,ηtn), K2 = f
(
tn+1,Ytn+1

)
and

Y (tn + θhn+1) = η (tn)+hn+1θK2, θ ∈ [0,1]
Y (t) = η (t) , t ≤ tn.

The explicit Euler and Heun methods for the general RFDE (1.37) were first
presented by Cryer and Tavernini in [13]. In the subsequent paper [35], Tavernini
considered particular implicit FCRK methods derived from collocation and particu-
lar explicit FCRK methods derived from predictor-corrector versions of the formers.
In particular, he obtained the four-stage explicit method

0 0 0 0 0
1 θ 0 0 0
1
2 θ − θ2

2
θ2

2 0 0

1 θ − θ2

2
θ2

2 0 0

θ − 3θ2

2 + 2θ3

3 0 2θ 2− 4θ3

3 − θ2

2 + 2θ3

3

and the seven-stage explicit method

0 0 0 0 0 0 0 0
1 θ 0 0 0 0 0 0
1
2 θ − θ2

2
θ2

2 0 0 0 0 0

1 θ − θ2

2
θ2

2 0 0 0 0 0
1
3 θ − 3θ2

2 + 2θ3

3 0 2θ 2 − 4θ3

3 − θ2

2 + 2θ3

3 0 0 0
2
3 θ − 3θ2

2 + 2θ3

3 0 2θ 2 − 4θ3

3 − θ2

2 + 2θ3

3 0 0 0

1 θ − 3θ2

2 + 2θ3

3 0 2θ 2 − 4θ3

3 − θ2

2 + 2θ3

3 0 0 0
b1 (θ ) 0 0 0 b5 (θ ) b6 (θ ) b7 (θ )

(1.47)
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where
b1 (θ ) = θ − 11θ 2

4 +3θ 3− 9θ4

8

b5 (θ ) = 9θ2

2 − 15θ 3

2 + 27θ 4

8

b6 (θ ) = − 9θ2

4 +6θ 3− 27θ 4

8

b7 (θ ) = θ2

2 − 3θ3

2 + 9θ4

8 .

More recently Maset, Torelli and Vermiglio in [32] provided, for the FCRK
method, uniform and discrete order conditions up to the order four and found the
minimum number of stages necessary in the explicit case.

In the remainder of this section we provide the order conditions for FCRK meth-
ods and construct explicit methods of uniform global order two, three and four. Fi-
nally, we analyze the effect of perturbations due to approximations in the evaluation
of the right-hand side function f in (1.37).

1.4.1 Order conditions

Henceforward we assume the following simplifying conditions for the ν−stage
FCRK method (A(·) ,b(·) ,c)

ν
∑

i=1
bi (θ ) = θ , θ ∈ [0,1]

ν
∑
j=1

ai j (θ ) = θ , θ ∈ [0,ci] , i = 1, ...,ν.
(1.48)

which guarantee the uniform order one. Moreover, we set b i = bi (1), i = 1, ...,ν ,
and denote by c∗1, ...,c

∗
ν∗ the distinct ci’s.

The (necessary and sufficient) condition for the uniform order two is

ν

∑
i=1

bi (θ )ci =
θ 2

2
, θ ∈ [0,1] (1.49)

whereas the condition for the discrete order two is the previous one with θ = 1.
Therefore the one-stage methods (1.43), which have uniform order one, have

discrete order two iff c = 1
2 . On the basis of Theorem 1.1, the method (1.43) with

c = 1
2 has global order two.
Moreover the two versions (1.44) and (1.45) of the trapezoidal rule have discrete

order two and uniform order one and two, respectively. Thus, both of them have the
global order two.

In Table 1.4 we show the (necessary and sufficient) additional conditions for the
uniform orders three and four.
The conditions for the discrete orders three and four are obtained by setting θ = 1.

Note that the conditions are quite different from the order conditions for the RK
methods. The most striking difference are the sums
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Order Conditions

3

ν
∑

i=1
bi (θ )c2

i = θ 3

3 , θ ∈ [0,1]

for m = 1, ...,ν∗:
ν
∑

i=1
ci=c∗m

bi (θ )

(
ν
∑
j=1

ai j (β )c j − β 2

2

)
= 0, θ ∈ [0,1] , β ∈ [0,c∗m]

4

ν
∑

i=1
bi (θ )c3

i = θ 4

4 , θ ∈ [0,1]

for m = 1, ...,ν∗:
ν
∑

i=1
ci=c∗m

bi (θ )

(
ν
∑
j=1

ai j (β )c2
j − β 3

3

)
= 0, θ ∈ [0,1] , β ∈ [0,c∗m]

for l,m = 1, ...,ν∗:
ν
∑

i=1
ci=c∗l

ν
∑
j=1

c j=c∗m

bi (θ )ai j (β )
(

ν
∑

k=1
a jk (γ)ck − γ2

2

)
= 0, θ ∈ [0,1] , β ∈ [0,c∗l

]
, γ ∈ [0,c∗m]

Table 1.4. Uniform order conditions for FCRK methods.

ν

∑
i=1

ci=c∗m

where we do not sum over all nodes but only over those that are equal to c ∗
m.

1.4.2 Explicit methods

In this section we specialize the previous order conditions to explicit methods by
setting ai j (·) equal to the zero function for j ≥ i and then construct methods up to
global order four. Explicit methods satisfying (1.48) must have c 1 = 0. Moreover we
assume, without loss of generality, ci �= 0 for i = 2, ...,ν and set c∗1 = 0.

Two-stage explicit methods satisfying (1.48) take the form

0 0 0
c2 θ 0

θ −b2 (θ ) b2 (θ )
(1.50)

with c2 �= 0. By (1.49), we see that the methods of uniform order two are given by

b2 (θ ) =
θ 2

2c2
, θ ∈ [0,1] .

For example, for c2 = 1 we obtain the Heun method (1.46) and for c 2 = 1
2 we obtain

the method
0 0 0
1
2 θ 0

θ −θ 2 θ 2
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that we could call Runge method since it reduces, in the ODE case, to the classical
Runge method

0 0 0
1
2

1
2 0
0 1

.

Since the methods (1.50) have uniform order one, the discrete order two suffices
for the global order two and, by (1.49) with θ = 1, this is obtained when

b2 =
1

2c2
.

Order three and four

Consider three-stage explicit methods satisfying the simplifying assumptions (1.48)

0 0 0 0
c2 θ 0 0
c3 θ −a32 (θ ) a32 (θ ) 0

θ −b2 (θ )−b3 (θ ) b2 (θ ) b3 (θ )

(1.51)

where c2,c3 �= 0. By (1.49) the condition for uniform order two is

b2 (θ )c2 +b3 (θ )c3 =
θ 2

2
, θ ∈ [0,1] . (1.52)

The first condition in Table 1.4 for uniform order three is

b2 (θ )c2
2 +b3 (θ )c2

3 =
θ 3

3
, θ ∈ [0,1] . (1.53)

Thus there exist polynomials b2,b3 satisfying (1.52) and (1.53) only if c2 �= c3. In
this case one of the two remaining conditions for the uniform order three reads

b2 (θ )
(
−β 2

2

)
= 0, θ ∈ [0,1] , β ∈ [0,c2] .

Since b2 (·) �= 0 (this follows by (1.52) and (1.53)) explicit FCRK methods (1.51) of
uniform order three do not exist. Note that the same order barrier holds for explicit
CRK methods where four stages are necessary (and sufficient) for uniform order
three (see [7]).

Now we look for three-stage explicit methods (1.51) of uniform order two and
discrete order three, and then of global order three. First, let us consider the case
c2 �= c3. By (1.49 ) and Table 1.4 with θ = 1, the necessary and sufficient conditions
for uniform order two and discrete order three are⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

b2 (θ )c2 +b3 (θ )c3 = θ2

2 , θ ∈ [0,1]
b2c2

2 +b3c2
3 = 1

3

b2

(
− β 2

2

)
= 0, β ∈ [0,c2]

b3

(
a32 (β )c2 − β 2

2

)
= 0, β ∈ [0,c3] .
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The third condition yields b2 = 0 and then the first two conditions are satisfied when
c3 = 2

3 and b3 = 3
4 . Thus a method (1.51) is of uniform order two and discrete order

three if and only if

c3 = 2
3

b2 = 0

b3 (θ ) = 3θ2

4 − 3
2 b2 (θ )c2, θ ∈ [0,1]

a32 (θ ) = θ2

2c2
, θ ∈ [0,c3] .

An example of such a method (obtained with b 2 (·) = 0 and c3 = 1
3 ) is

0 0 0 0
1
3 θ 0 0
2
3 θ − 3

2θ 2 3
2 θ 2 0

θ − 3
4θ 2 0 3

4 θ 2

that reduces to the three-stage Heun method

0 0 0 0
1
3

1
3 0 0

2
3 0 2

3 0
1
4 0 3

4

in the ODEs case.
Other methods (1.51) of uniform order two and discrete order three can be ob-

tained when c2 = c3. In this case (1.51) is of uniform order two and discrete order
three if and only if

c2 = c3 = 2
3

b3 �= 0

b2 (θ ) = 3θ2

4 −b3 (θ ) , θ ∈ [0,1]
a32 (θ ) = 9θ2

16b3
, θ ∈ [0,c3] .

An example (obtained with b3 (θ ) = 1
2 θ ) is given by

0 0 0 0
2
3 θ 0 0
2
3 θ − 9

8θ 2 9
8θ 2 0

− 3
4θ 2 + θ 3

4 θ 2 − 1
2 θ 1

2 θ

that reduces to the
0 0 0 0
2
3

2
3 0 0

2
3

1
6

1
2 0

1
4

1
4

1
2

in the ODEs case.
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We can conclude that three-stage FCRK methods of global order three actually
exist as in the ordinary case.

When we pass to consider FCRK methods of global order four, i.e. uniform order
three and discrete order four, six stages turns out to be necessary and sufficient. Note
that for explicit CRK methods, the uniform order three and discrete order four is
achieved with four stages only (see [7]).

Consider then a six-stage explicit method satisfying (1.48)

0
c2 θ
c3 θ −a32 (θ ) a32 (θ )

c4 θ −
3
∑
j=2

a4 j (θ ) a42 (θ ) a43 (θ )

c5 θ −
4
∑
j=2

a5 j (θ ) a52 (θ ) a53 (θ ) a54 (θ )

c6 θ −
5
∑
j=2

a6 j (θ ) a62 (θ ) a63 (θ ) a64 (θ ) a65 (θ )

θ − 6
∑
i=2

bi (θ ) b2 (θ ) b3 (θ ) b4 (θ ) b5 (θ ) b6 (θ )

(1.54)

where c2,c3,c4,c5,c6 �= 0.
By using the conditions for uniform order three and the conditions for discrete

order four (θ = 1) in Table 1.4, we can show that a six-stage explicit FCRK method
(1.54) is of uniform order three and discrete order four if

c3 �= c4
c5+c6

3 − c5c6
2 = 1

4
b2 (·) = 0
b3,b4 = 0

b3 (θ )c3 +b4 (θ )c4 +b5 (θ )c5 +b6 (θ )c6 = θ2

2 , θ ∈ [0,1]
b3 (θ )c2

3 +b4 (θ )c2
4 +b5 (θ )c2

5 +b6 (θ )c2
6 = θ3

3 , θ ∈ [0,1]
a32 (θ ) = θ2

2c2
, θ ∈ [0,c2]

a42 (θ )c2 +a43 (θ )c3 = θ2

2 , θ ∈ [0,c4]
a52 (·) = 0

a53 (θ ) = θ2c4
2c3(c4−c3) − θ3

3c3(c4−c3) , θ ∈ [0,c5]

a54 (θ ) = − θ2c3
2c4(c4−c3) + θ3

3c4(c4−c3) , θ ∈ [0,c5]
a62 (·) = 0

a63 (θ )c3 +a64 (θ )c4 +a65 (θ )c5 = θ2

2 , θ ∈ [0,c6]
a63 (θ )c2

3 +a64 (θ )c2
4 +a65 (θ )c2

4 = θ3

3 , θ ∈ [0,c6] .

(1.55)

So, by taking the abscissae c3,c4,c5,c6 such that c3 �= c4, c4 �= c5 and

c5 + c6

3
− c5c6

2
=

1
4
, (1.56)



1.4 The Functional Continuous Runge-Kutta Method XXXIX

and weights and coefficients such that

b2 (·) = b3 (·) = b4 (·) = 0
a42 (·) = 0
a52 (·) = 0
a62 (·) = a63 (·) = 0

we obtain the following tableau

0
c2 θ
c3 θ − θ2

2c2

θ2

2c2

c4 θ − θ2

2c3
0 θ2

2c3

c5 θ −a53 (θ )−a54 (θ ) 0 a53 (θ ) a54 (θ )
c6 θ −a64 (θ )−a65 (θ ) 0 0 a64 (θ ) a65 (θ )

θ −b5 (θ )−b6 (θ ) 0 0 0 b5 (θ ) b6 (θ )

where
a53 (θ ) = θ2c4

2c3(c4−c3) − θ3

3c3(c4−c3) ,θ ∈ [0,c5]

a54 (θ ) = − θ2c3
2c4(c4−c3) + θ3

3c4(c4−c3) , θ ∈ [0,c5]

a64 (θ ) = θ2c5
2c4(c5−c4) − θ3

3c4(c5−c4) , θ ∈ [0,c6]

a65 (θ ) = − θ2c4
2c5(c5−c4) + θ3

3c5(c5−c4) , θ ∈ [0,c6]

b5 (θ ) = θ2c6
2c5(c6−c5) − θ3

3c5(c6−c5) , θ ∈ [0,1]

b6 (θ ) = − θ2c5
2c6(c6−c5) + θ3

3c6(c6−c5) , θ ∈ [0,1] .

Figure 1.3 displayes the couples (c5,c6) satisfying the relation (1.56). Among them
we quote c5 = 1/2 and c6 = 1 and, symmetrically, c5 = 1 and c6 = 1/2.

It is worth remarking that conditions (1.55), which are sufficient for uniform or-
der three and discrete order four, are also necessary when the abscissae c 2,c3,c4,c5,c6

are distinct.
The construction of higher order FCRK methods is in progress. So far it was

proven that seven stages are sufficient for uniform order four and are necessary in
case of distinct abscissae. An example of a seven-stage method of uniform order
four is given by (1.47).

1.4.3 The quadrature problem

For RFDEs with distributed delay⎧⎨⎩ y′ (t) = F

(
t,y(t) ,

t∫
t−τ

k (t,s,y(t + s))ds

)
, t ≥ t0

y(t) = φ (t) , t ≤ t0

(1.57)

the function f in (1.37) is given by
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Fig. 1.3. The curves are the set of couples (c5,c6) ∈ [0,1]2 satisfying the condition (1.56)

f (t,ϕ) = F

⎛⎝t,ϕ (0) ,
0∫

−τ

k (t,s,ϕ (s))ds

⎞⎠
and involves an integral. So, in general, we can provide only approximated values of
f by a quadrature rule. In other terms, we shall use an approximation f̃ .

Another situation where an approximation of f is required is the RFDE⎧⎨⎩ y′ (t) = F

(
t,y(t) ,

∞
∑

m=0
k (t,m,y(t − τm))

)
, t ≥ t0

y(t) = φ (t) t ≤ t0
(1.58)

where the function f is given by

f (t,ϕ) = F

(
t,ϕ (0) ,

∞

∑
m=0

k (t,m,ϕ (−τm))

)

In this subsection the effect of using an approximation f̃ instead of f in a FCRK
method is considered. We report only the main result whereas the details can be
found in [32].

We denote by f̃ (t,ϕ ;λ ) the approximation of f (t,ϕ), where the parameter
λ takes into account the adopted approximation procedure in the computation of
f (t,ϕ) such as, for example, the quadrature rule selected for the integral in (1.57).

Let us introduce the errors

ε i
n+1 = f̃

(
ti
n+1,ytin+1

;λ i
n+1

)
− f
(

ti
n+1,ytin+1

)
, i = 1, ...,ν

where λ i
n+1 is the parameter relevant to the procedure used for the approximation of

f

(
ti
n+1,Y

i
tin+1

)
in (1.39). It can be easily proved that if
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ε i
n+1 = O

(
(hn+1)

min{q+1,p}
)

for all n and i, then the global order remains min{q+1, p} even if the values

f

(
ti
n+1,Y

i
tin+1

)
are replaced by their approximations f̃

(
ti
n+1,Y

i
tin+1

;λ i
n+1

)
.

For instance, in case of (1.57), replacing the integrals in

F

⎛⎜⎝ti
n+1,Y

i (ti
n+1

)
,

tin+1∫
tin+1−τ

k
(
ti
n+1,s,Y

i (ti
n+1 + s

))
ds

⎞⎟⎠ , i = 1, . . . ,ν

by a composite l-point Gaussian quadrature rule, with

l =
⌈

min{q+1, p}
2

⌉
,

across the intervals
[
ti
n+1 − τ,tm

]⊂ [tm−1, tm], [tk, tk+1], k = m, ...,n−1, and
[
tn, ti

n+1

]
,

the global order min{q+1, p} is preserved.
We end this section by remarking that (1.57) can be numerically integrated also

by the numerical methods, specifically designed for integro-differential equations,
described in [10], [9] or [11] where the quadrature rule for the integrals is a part of
the method.
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